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Comparison of Methods to Compute
High-Temperature Gas Viscosity

Grant E. Palmer¤ and Michael J. Wright†

Eloret Corporation, Sunnyvale, California 94087

A review of the basic equations for computing the viscosity of neutral and ionized species is presented. Four
commonlyused methods for determining viscosity of a gas mixtureare discussed. The performanceand accuracy of
these methods are tested for 11-species air and hydrogen–helium gas mixtures for temperatures ranging from 200
to 20,000 K. The Gupta–Yos mixing rule gives acceptable results for weakly or nonionized � ows and requires half
the computer time of solving the full multicomponent equations. The Armaly–Sutton mixing rule is applicable to
higher temperature, more strongly ionized � ows as long as the tuning parameters for the method are appropriately
set. The Wilke mixing rule is the least-accurate method, is actually slower than the Gupta–Yos mixing rules, and
should be used only as a method of last resort.

Nomenclature
bi0.1/ = Sonine polynomial expansion coef� cient,

sec/cm3

e = electron charge, 4:803e¡10 esu
esu = gm1=2 cm3=2/s
g = relative molecular velocity, cm/s
kb = Boltzmann’s constant, 1:38054e¡16 erg/K
M = molar mass, g/mole
m = molar mass, g/particle
NA = Avogadro’s number, 6:0225eC23 mol¡1

n = number density, cm¡3

Q.l/ = total interaction cross section
r = intermolecular separation
T = temperature, K
x = mole fraction
Z = charge number
´ = viscosity coef� cient, g/(cm ¢ s)
3 = shielding parameter
¸ = Debye shielding length
¹i j = reduced mass
¾ 2 = rigid sphere collision diameter, ƒA

2

Äi j
.1;1/

,Äi j
.2;2/

= collision integrals, cm3/s
Äi j

.1;1/¤
,Äi j

.2;2/¤
= reduced collision integrals, dimensionless

Subscripts

e = electron
f = � eld
i; j; k = species

Introduction

A CCURATE modeling of the transport of momentum, energy,
andmass in high-temperatureshock layersis requiredto obtain

an accurate descriptionof the aerothermalenvironmentsneeded for
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thermalprotectionsystemdesign.Thereare two aspectsto modeling
transport: 1) transportproperties of each species and 2) transportof
the gaseous mixture as a whole. In the present paper, the transfer
of momentum is examined. Speci� cally, the present paper details
the methods to compute the coef� cient of viscosity of individual
species and gas mixtures.

Literally hundreds of papers have been written on the subjects of
speciesandmixtureviscosity,for example,Refs. 1–27.Thesepapers
commonly use different, and often con� icting, nomenclatures and
systems of units. Much of the substantive theoreticalwork on com-
puting transport properties was performed in the 1950s and 1960s.
These references can be dif� cult to � nd. The purpose of this paper
is to provide in one source the details of computing the viscosity
of both neutral and ionized species. This paper also presents and
compares the mixture viscosity relations most commonly used for
hypersonic � ow simulations using a consistent nomenclature and
system of units for each method.

The computation of the viscosity of a pure species depends on
the type of species considered. Short-range intermolecular forces
(valence and chemical forces) are the primary drivers of neutral
species interactions, especially at higher temperatures.These types
of forces decrease rapidly with distance, so that distant encounters
do not contribute signi� cantly to the viscosity coef� cient. Neutral
species viscosity is a function of temperature only.

Ionized species viscosity is different from neutral species vis-
cosity in that both long-range (electrostatic) and short-range in-
termolecular forces in� uence interactionsbetween ionized species.
Electrostatic forces decrease much more slowly with distance than
do short-range forces. Because the number of distant encounters
is so great, electrostatic forces due to distant encounters between
charged particles can have a signi� cant, even dominant, effect on
the transportproperties of a molecule. In addition,Coulomb shield-
ing by free electrons plays a key role in determining the effective
interaction cross section. Therefore, ionized species viscosity is a
function of both temperature and electron number density. The � rst
part of this paper presents a brief review of the general expressions
for computing neutral and ionized species viscosity.

The viscosity of a multicomponent gas mixture can be obtained
by solving the Boltzmann equation.This is generally accomplished
using a Sonine polynomial expansion. The determination of the
Sonine expansion coef� cients requires the solution of a system of
equations equal to the number of species present in the gas mix-
ture. A number of simpli� ed methods have been developed over
the years to approximate multicomponent gas viscosity.1¡7 These
approximate methods try to address the dual requirements of com-
putationalef� ciencyand physical accuracy.Generally speaking,the
approximate methods were designed for low-to-moderate temper-
ature, neutral gas mixtures. They may or may not be applicable to
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higher temperature gas mixtures where ionized species are present
in signi� cant amounts.

Three of the approximate mixture viscosity methods most com-
monly used in computational � uid dynamics (CFD) are evaluated
in terms of ef� ciency and accuracy for an 11-species air mixture
at temperatures ranging from 200 to 20,000 K. The approximate
methodresultsare comparedagainst thoseobtainedsolvingthe mul-
ticomponent viscosity equations. Calculations are also performed
using a hydrogen–helium gas mixture that approximates the Jovian
atmosphere.

Viscosity of Neutral Species
The viscosity coef� cient for a gas mixture can be obtained by

solving the Boltzmann equation using a Sonine polynomial expan-
sion (see Refs. 8 and 9). Because of the rapid convergence of the
expansion, an accurate representation of the viscosity coef� cient
can be acquired by including only the � rst term. The equation for a
single-speciesgas in grams per centimeter second reduces to

´i D 1
2
kbT b10.1/ D 5

8

¡
kbT

¯
Ä

.2;2/

ii

¢
(1)

In Eq. (1), the b10(1) term is one of a series of Sonine expansion
coef� cients, which are discussed in more detail later. The viscosity
collisionintegralÄ.2;2/ is oneof a linearcombinationof integralsthat
are used to represent the Sonine polynomial expansioncoef� cients.
As will be shown, an additional collision integral Ä.1;1/ will be
required to compute the viscosity of a gas mixture. The collision
integrals have units of cubic centimeter per second and take the
following general form:
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The total interaction cross section Q.l/ is computed by integrating
the differential cross sections.8 Thus, the collision integral repre-
sents an orientationallyand thermallyaveragedcollisionprobability
between two particles. The calculation of collision integrals from
differential cross sections depends on the potential energy model.
To simplify comparisons, Hirschfelder et al. presented the concept
of a reduced collision integral8 that is the ratio of the collision inte-
gral evaluated using a given potential energy model divided by the
collision integral evaluated using the rigid sphere model:
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The expressionsfor thecommonlyusedcollisionintegralsÄ.1;1/ and
Ä.2;2/ can be reexpressed in terms of the reduced collision integrals
as
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Substituting Eq. (6) into Eq. (1) yields the commonly cited expres-
sion for the viscosity coef� cient of a pure, neutral gas species:
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Note that Eq. (7) is a function of temperature only, which is consis-
tent with kinetic theory. The factor of 10¡16 is used to convert ¾ 2

from square angstrom to square centimeters.

Values of ¾ 2Ä
.2;2/¤

ii have been tabulated for many simpli� ed in-
termolecular potentials and are available in the literature. Data for
many neutral species interactions can be found in a variety of
sources.1;10¡15 A general discussion of the various interaction po-
tential models can be found in Ref. 8. An evaluationof some of the
sources of collision integral data is contained in Refs. 14 and 15.

Viscosity of Ionized Species
The nature of encounters between charged particles is different

than that of neutral particles. Neutral particle encounters are gov-
erned primarily by short-range intermolecular forces. The effect of
an encounter falls off rapidly with increasing distance such that
distant encounters between neutral particles do not contribute sig-
ni� cantly to the transport properties of a molecule. On the other
hand, charged particle encountersare governed by both short-range
and long-range (electrostatic) forces. Electrostatic forces decrease
much more slowly with separation than do intermolecular forces.
Because the number of distant encounters is so great, the electro-
static forcesdue to distantencountersbetween chargedparticles can
have a signi� cant, even dominant, effect on the transport properties
of an ionized molecule. To a � rst approximation, the viscosity of
an ionized gas can be obtained by solving the Boltzmann equation
using the Debye potential (see Ref. 16)

V .r/ D .1=r/ exp[¡.r=¸/] (8)

The Debye shieldinglength¸ is discussedin the next paragraph.The
Debye potentialfunctionrepresentsthe Coulomb interactionof ions
and electrons. At very high temperatures, ion–ion interaction ener-
gies can be considerablydifferentfrom a Coulomb potential energy.
However, for most aerospaceapplications,the quantummechanical
deviationfrom a Coulomb potentialwill be small, and this effect can
be neglected.For example, even at 10,000 K, the quantum mechan-
ical correction for the ¾ 2Ä

.2;2/¤

ii value for atomic nitrogen ion is less
than 0.05% of the screened Coulomb potential value (see Ref. 16).

As was already stated, electrostaticforcesplay a dominant role in
determining the viscosity of an ionized species. However, because
of the charge neutrality of most undriven ionized gases, the elec-
trical charge of a particle beyond a certain distance is effectively
neutralized by nearby particles of opposite charge. Another way of
describing the situation is that, beyond a certain distance, charged
particles are shielded from each other by intervening charges. In
practice, this shielding effect has the effect of cutting off the inte-
gration of the collision cross section at a large distance known as
the Debye shielding length. Interactions beyond this distance are
ignored. The value of the Debye shielding length (in centimeters)
can be obtained from17
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p
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For the viscosity of an ionized gas species, in the absence of a
magnetic � eld the coef� cient of viscosity (in grams per centimeter
second) for a fully ionized gas is given by18
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The charge number Z is 1 for a mixture of singly ionized gas
molecules. The shielding parameter 3 is given by18
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The charge number of the � eld, Z f , is 1 for a singly ionizedgas. The
viscosity of a fully ionized gas is due primarily to the positive ions.
Viscous stresses due to electrons are generally negligible,18 but the
electron number density must be obtained to calculate the shielding
parameter.

Although Eq. (10) is useful in computing the viscosity of a fully
ionizedgas, it is necessary to developan expressionfor the collision
integralsof an ion–ion interaction to compute the mixture viscosity
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of a gas containingboth neutraland ionized species.When Eqs. (10)
and (7) are compared, it is possible to derive an expression for
¾ 2Ä

.2;2/¤

ii (in square angstrom) for an ionized species interaction:

¾ 2Ä
.2;2/¤

i j D 1:209e C 10. 3=T 2/ (12)

Gupta et al.1 used a slightly modi� ed form of Eq. (12) to compute
the ion–ion viscosity collision integral. His results are in generally
good agreementwith Spitzer.18 In addition,Mason et al.17 have pre-
sented tables of ionized species collision integral data using both
attractive and repulsive screened potentials as a function of a nor-
malized temperature. More recently, Stallcop et al.16 presented an
expression to compute the repulsive shielded Coulomb collision in-
tegral in terms of a reduced temperature. Their expression, which
closely reproduces the data of Ref. 17, was a curve � t to their de-
tailedcomputationalchemistrycalculationsof the potentialenergies
and transport cross sections of ions:

¾ 2Ä
.N ;N /¤

i j D 5:0e C 15.¸=T ¤/2 fDN T ¤[1¡CN exp.¡cN T ¤/] C 1g

(13)

The reduced temperature T ¤ is de� ned by the followingexpression:
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The values for the constants in Eq. (13) for the repulsive potential
are reproduced from Ref. 16 in Table 1. In addition, new curve � ts
for the attractive (ion–electron) potential have been generated from
the data in Ref. 17 and are also given in Table 1. Strictly speaking,
the values in Table 1 are valid for T ¤ > 4; however, this condition
will be met except at very high temperatures and/or densities. For
example, the T ¤ value for 11 species equilibrium air at 25,000 K
and 100 kPa is 43.

Table 2 shows computed values of ¾ 2Ä
.2;2/¤

i j using both Eq. (13)
(Spitzer18 and Gupta et al.1) andEq. (14) (Masonet al.17 andStallcop
et al.16). The results are based on an equilibrium electron number
density computed using an 11-species air chemistry model at a ref-
erence pressure of 100 kPa. The results show that Eq. (13) gives
somewhat higher values for ¾ 2Ä

.2;2/¤

i j than Eq. (14). However, the
values are within 10% of each other, which is a smaller uncertainty
than exists for most binary interactions; therefore, in practice both
methods of evaluating ¾ 2Ä

.2;2/¤

i j are acceptable.
Of greater concern is the approximationmade by Gupta et al.1 in

the computationof ¾ 2Ä
.2;2/¤

i j for ionized species pairs. They assume

Table 1 Shielded Coulomb collision integral curve-� t coef� cients

Attractive potential Repulsive potential

n Cn cn Dn Cn cn Dn

1 ¡0.476 0.0313 0.784 0.138 0.0106 0.765
2 ¡0.146 0.0377 1.262 0.157 0.0274 1.235

Table 2 Shielded Coulomb collision integral ¾2­ (2;2)¤

ij for ion–ion
interactions, assuming an equilibrium electron number density

at a pressure of 100 kPa

Stallcop et al.,16 Spitzer,18

Temperature, K ne ; cm¡3 Eq. (15) Eq. (13)

5,000 6.115£ 1013 3040 3051
6,000 2.556£ 1014 1939 1970
7,000 6.923 £ 1014 1347 1382
8,000 2.198 £ 1015 947 986
9,000 6.805 £ 1015 678 721
10,000 1.711 £ 1016 506 548
11,000 3.572 £ 1016 391 430
12,000 6.378 £ 1016 313 348
13,000 9.905 £ 1016 258 289
14,000 1.353 £ 1017 220 247
15,000 1.646 £ 1017 192 215

that the ratio of viscosity and momentum transfer collision integrals
for ionized species pairs is given by1

A¤
i j D

Ä
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Ä
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D
1:36Z 4 Qc

0:795Z 4 Qc
D 1:71 (15)

Thus, they assume the collision integral ratio for ionized species
pairs has a constant value of 1.71 for all temperatures and electron
number densities.However, the screened Coulomb potential results
of Mason et al.17 and Stallcop et al.16 clearly show a temperature
dependenceof this ratio, for both attractiveand repulsivepotentials.
Furthermore, the value of 1.71 given by Gupta et al.1 appears un-
realisticallyhigh at all temperatures and electron number densities.
Both Mason et al.17 and Stallcop et al.16 indicate values of this ratio
for repulsive potentials ranging from 1.02 to 1.26.

Collisions Between Ions and Neutrals
Collisionsbetweenionsandneutralscanbe a signi� cantcontribu-

tor to the mixture viscosityof a partially ionized mixture. Although
it is beyond the scope of this paper to discuss the details of such
interactions, in practice they are governedby similar types of short-
range forces that govern neutral interactions, coupled with several
long-range forces, including polarizability and dispersion effects.
Once an acceptable model for the intermolecular potential is se-
lected, calculation of the collision integrals proceeds as for neutral
interactions,and the resulting binary viscosity coef� cient is a func-
tion of temperature only. Mason and McDaniel19 provide a detailed
discussion of the relevant collision theory.

Viscosity of Multicomponent Gas Mixtures
The viscositycoef� cient of a multicomponentgas mixture can be

obtained by solving the Boltzmann equation using a Sonine poly-
nomial expansion. Because of the rapid convergenceof the Sonine
polynomials, an accurate representation of the mixture viscosity
coef� cient can be acquired by including only the � rst term in the
expansion8
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In Eq. (16),NS is the numberof species in the mixture and b j0.1/ are
Sonine expansioncoef� cients.The de� nitionof the expansioncoef-
� cients consists of a complicated combination of bracket integrals,
details of which are provided in Ref. 8. Chapman and Cowling28

demonstrated that the bracket integrals could be replaced by a lin-
ear combination of collision integrals. When this simpli� cation is
used, the expansioncoef� cients can be determined from the follow-
ing system of equations:
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The Kronecker delta ±mn is 1 if m D n and 0 otherwise. Thus, the
determination of multicomponentviscosity requires the solution of
a system of equations whose size is equal to the number of species
in the gas mixture. The cost of computing multicomponent viscos-
ity increases rapidly as the number of species in the gas mixture
increases.

Equation (16) can be recast in terms of mole fractions x j , and the
leading term can be pulled inside the Sonine polynomialexpression
yielding the expression
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In Eq. 19, ´.1/ indicates that this is a � rst-order mixture viscosity
and that Nb j0.1/ D 1=2nkbT b j0.1/. The system of equations shown
in Eq. (17) can be recast in terms of Nb j0.1/ as

N SX
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Hi j
Nb j0.1/ D xi ; i D 1; 2; : : : ; N S (20)
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The collision integrals in Eq. (21) are general collision integrals.As
already noted, general collision integrals are often expressed as the
collision integral for the rigid-spheremodel multipliedby a reduced
collision integral,Ä.l;s/¤

. When this conventionis used, the equation
for the Hi j terms becomes
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All terms in Eq. (22) are expressed in cgs units. The constant B is
given by the following relation:

B D .32=15/.3=2/2:0e¡16
p

¼ NA=2kb D 52979 (23)

See Ref. 20 for a discussion of the physical signi� cance of the
diagonal and off-diagonal elements of H . For a gas containing a
single species, the equation for Hi j reduces to the following:
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When Eq. (24) is incorporatedinto Eqs. (19) and (20), the standard
expression for the viscosity of a pure species [Eq. (7)] is recovered.
Equation(22) is sometimesexpressedin terms of a reducedcollision
integral ratio,
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The reducedcollisionintegralratio A¤ is the ratio of Ä.2;2/¤
to Ä.1;1/¤

for a given species pair. Equations (22) and (25) contain the general
form for the Hi j coef� cients. The general expression can be sim-
pli� ed for both diagonal and off-diagonal terms. For off-diagonal
terms, i 6D j , the Kronecker delta terms ±i j ¡ ± jk and ±i j C ± j k will
only have nonzero values when k D j . This condition removes the
summation from the equation leaving the terms
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Some approximate mixture viscosity formulas assume that A¤ D
5=3, in which case the off-diagonal terms reduce to zero. The ex-
pression for the diagonal terms can be slightly simpli� ed to
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The systemof equationsrepresentedbyEq. (20)canbe solvedfor the
Nb j0.1/ terms using a standard pivotedGaussian elimination routine.
Another commonly used technique to the solve the system of equa-
tions is by using Cramer’s rule (see Ref. 8). The mixture viscosity is
then foundby the ratio of the determinantof an augmented H matrix
over the determinant of the H matrix, where the augmented matrix
includes an extra row and column containing the species mole frac-
tions. Cramer’s rule is the most commonly cited technique to solve
for multicomponentviscosity.However, Cramer’s rule is less stable
and more prone to numerical error than pivoted Gaussian elimina-
tion (see Ref. 21). As will be shown, in the “results,” Cramer’s rule
also requires more CPU time.

Solution of the system of N S equations given by Eq. (20) yields
the exact � rst-order approximation of the multicomponent mixture
viscosity. However, due to the complexity of this system of equa-
tions, they are seldomused in practicefor the computationof viscos-
ity in a CFD code. Instead, an approximate mixing rule is typically
employed to produce reasonable results at a much lower compu-
tational cost. In the next section, several of the mixing rules most
commonly applied to hypersonic air� ows are introduced, and the
relative merits of each scheme are discussed.

Wilke Mixing Rule3

Wilke’s mixing rule3 was developed in 1950 through application
of kinetic theory to the full � rst-orderChapman–Enskog relation.In
addition to the already de� ned A¤ ratio, the assumptions of Wilke
can be explained succinctly with the following collision integral
ratio de� nitions:
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First, Wilke assumed that the collision integral ratio A¤ D 5=3 for
all interactions,which makes all off-diagonalterms in the H matrix
equal to zero. In addition, Wilke assumed that Bik and Fik are equal
to 1 for all interactions, which is analogous to assuming that all
binary interactions have the same (hard sphere) cross section. With
these assumptions, the mixture viscosity can be expressed as an
appropriately weighted sum of the individual species viscosities
and is given by
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The scale factor in Eq. (29) is given by the following expression:
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Wilke’s mixing rule can be expected to yield reasonable results for
nonpolar and nonionized gas mixtures, for which the off-diagonal
terms of H can be shown to be much smaller than the diagonal el-
ements and for which all binary interactions have the same general
form. However, for polar or ionized gases, Wilke’s mixing rule has
been shown to give poor results (see Ref. 22). It is commonly as-
sumed thatWilke’s mixingrule3 is the fastestof themixtureviscosity
formulationsand as such is the most frequentlyused. However, this
assumption will be shown to be incorrect in the “Results.”

Armaly–Sutton Mixing Rule2

Armaly and Sutton developed an approximate mixture viscos-
ity formulation2 that signi� cantly improves the accuracy of the
computed mixture viscosity for ionized gases with only a small
increase in complexity. They started with the multicomponent ex-
pression(25)andneglectedtheoff-diagonaltermswithoutassuming
A¤ D 5=3. Armaly and Sutton used an approximate formula for the
binary collision diameter:
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Inserting Eq. (31) into Eq. (25) for a diagonal term leads to

´ D
N SX

i D 1

x2
i

Hii
(32)

The Hii term in Eq. (32) is given by
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The binary viscosity ´ik is de� ned by
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The Bik and Fik parameters are de� ned by Eq. (28).
Rather than assumingconstantvalues for the A¤ , B, and F param-

eters as was done by Wilke,3 Armaly and Sutton2 evaluated them
usingavailablecross-sectiondata for air and hydrogen–helium mix-
tures. The numbers assigned to these parameters by Armaly and
Sutton are as follows. The quantity A¤ has the value 1.25 for all
interactions except those of an atom with its own ion. In that situa-
tion, the recommended value was 1.1. However, for air species this
value does not properly account for the resonant charge exchange
process, which dominates the momentum transfer cross section. A
more reasonablenumber for air species, based on quantummechan-
ical calculations for the N–NC and O–OC interactions,23 is 0.21.

The Fik parameterwas assumedequal to 1 for all interactions,and
Bik was determinedby solutionof Eq. (32). The resultingvalues for
Bik were then grouped according to interaction type and a best-� t
value was selected. According to Armaly and Sutton,2 Bik is given
a value of 0.78 for neutral–neutral interactions, 0.15 for neutral–
ion interactions, 0.2 for neutral–electron interactions, and 1.0 for
ion–ion, ion–electron, and electron–electron interactions. Finally,
it is assumed that Bik D Fki . This situation presents a rather curi-
ous inconsistency in the Armaly–Sutton formulation. Even though
mathematically Bik D Fki , the value given to Fki is always 1 where
the value given to Bi k varies by interaction type. However, in prac-
tice this inconsistency is not important because the values of Bik

and Fik are determined simply as best-� t parameters.
The Armaly–Sutton mixing rule2 is typically expressed in a form

similar to that used by Wilke’s mixing rule,3 where the mixture
viscosity is given by Eq. (29). In this form, the scaling parameter Ái

is given by
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The Armaly–Sutton mixing rule has shown2 to yield signi� cantly
better results than Wilke’s mixing rule3 for ionized gases, at essen-
tially no additional computational cost.

Gupta et al.–Yos Mixing Rule
Yos24 and later Gupta et al.1 introduced the following mixture

viscosity correlation:
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This mixture viscosity relation ignores all off-diagonal elements
of H and makes further simpli� cations to the diagonal elements.

When expressed using the Hii terms, the Gupta et al.–Yos mixture
viscosity relation becomes
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The H terms are de� ned according to the following expression:
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The B constant is de� ned by Eq. (23). The Gupta et al.–Yos for-
mulation is, thus, more exact than Wilke’s mixing rule3 because the
true nature of the viscosity collision integrals is taken into account.
However, the simpli� cations employed will cause poor agreement
between Gupta et al.–Yos and the multicomponent formulation for
signi� cantly ionized � ows. This was noted by Gupta et al.,1 and
this mixing rule was only designed for weakly or nonionized � ows.
Despite this, the Gupta et al.–Yos formulation as presented here
remains the most commonly used method for computing mixture
viscosity in hypersonic CFD codes.

Note that Yos25 later proposed a modi� ed formulation that ap-
proximately accounts for the effects of the off-diagonal terms by
summing and adding them to the diagonal (also see Ref. 1). This
formulation was shown25 to give results in good agreement with
the multicomponent formulation. However, because the cost of
implementation is comparable to that of the full multicomponent
formulation,1 the method was not examined in this paper.

Results
Two standard benchmarks for evaluating mixing rules are accu-

racy and cost. The � rst aspect investigated was the computational
cost (ef� ciency) of the mixture relations. A viscosity test bed code
(writtenin C) was createdcontainingfunctionsfor eachof theearlier
described mixture viscosity methods. For the Wilke3 and Armaly–
Sutton2 formulations,the speciesviscositieswere calculateddirectly
from Eq. (7) for neutrals and Eq. (10) for ions. However, similar re-
sults would be obtained (both in terms of ef� ciency and accuracy),
if the neutral species viscosities were computed using a Blottner
et al. style expression.26

To create an apples-to-applescomparisonof the resultsgenerated
by each mixture viscosity method, the same set of collision integral
data was used in each method. The data presented by Murphy and
Arundell14 were chosen both because the collision integral data are
of high quality and are readily available in the literature.These data
have been used by other authors5;27 to validate transport property
computations.The only binary interactionfor which Murphy’s data
were not used was the N2–N2 interaction, where the coef� cients
suggested by Murphy did not match low-temperature experimental
viscosity data.‡ Therefore, data from Stallcop et al.,29 which agree
well with the experimental data, were used instead. Equation (13)
was used to compute the collision integrals for the ion–ion, ion–
electron, and electron–electron interactions.

To evaluate the computational ef� ciency of each mixture viscos-
ity method, the clock() routine was invoked before and after each
viscositymethodcall. The differencein the returnvaluebetween the
two clock() method calls is the time required to execute the viscos-
ity method. Inside each viscosity method, the viscosity calculations
were repeated 200,000 times to isolate the viscosity calculations
themselves from any one-time operations such as temporary vari-
able de� nitions and array memory allocations.

Two sets of runs were completed. One set used a 5-species air
model and the other an 11-species air model. The results for these
computations are shown in Table 3. The results were normalized
with respectto the time requiredforWilke’s mixingrule3 to compute
the viscosity of that mixture. There is a consistency in the results
(as one would expect) between the 5- and 11-species air models.
The cost of each method is roughly proportionalto the square of the

‡ Data available online at http://WebBook.nist.gov [cited July 2001].
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Table 3 Relative computational cost of the methods used to compute
mixture viscosity

5-species 11-species 11 vs
Method air air 5 species

Wilke3 1.0 1.0 4.554
Armaly–Sutton2 1.054 1.065 4.603
Gupta et al.1–Yos24 0.891 0.919 4.697
Multicomponent (Gaussian) 1.927 2.098 4.958
Multicomponent (Cramer’s rule) 1.979 2.250 5.177

number of species (25 vs 121). The 11-species air model requires
about � ve times the computer time of the 5-species model, as one
would anticipate.

Note from Table 3 that Wilke’s mixing rule3 is not the most ef� -
cient method. The Gupta et al.1–Yos24 method uses less CPU time
than Wilke3 for both the 5- and 11-species air models. This result is
obvious if one looks at the higher-order mathematic function calls
associatedwith each method. The Gupta et al.–Yos mixture expres-
sion requires fewer calls to the power (exponentiation)and square
root functions and, thus, is slightly faster.

Because of the need to solve a system of equations, the mul-
ticomponent viscosity methods require about twice the computer
time as the other methods. In addition, it appears that the multicom-
ponentviscosity methodsbecome comparativelymore expensiveas
the number of species increases, although the increased cost ratio
from5- to 11-speciesis not large (about10%).Using Gaussianelim-
ination to solve the system of equations is slightly faster than using
Cramer’s rule. Because Gaussian elimination is also more stable
and reliable method to solve a system of equations than Cramer’s
rule (see Ref. 21), it should be the method of choice when used in
conjunction with multicomponent viscosity.

Computational ef� ciency is only one considerationwhen choos-
ing a mixture viscosity methodology. A more important consid-
eration is the accuracy of a given method. The multicomponent,
the Gupta et al.1–Yos,24 Armaly–Sutton,2 and Wilke3 methods were
testedunder equilibriumconditionsfor an 11-speciesair model over
temperatures ranging from 200 to 20,000 K at reference pressures
of 100 and 10 kPa.

To ensure that the methods were properly implemented, the re-
sults were compared against those of Murphy and Arundell14 and
Murphy,15 who computed the viscosity of air using a detailed
Chapman–Enskog method. The results of Murphy and Arundell14

and Murphy15 were, thus, chosen both because the collision inte-
gral data that they collected are of high quality and because they
are readily available in the literature. These data have been used by
otherauthors5;27 to validatetransportpropertycomputations.As was
already stated, to make a meaningful comparison with their results,
it was necessary to use the Murphy and Arundell14 and Murphy15

collision integraldata in the presentstudy for all binary interactions.
Note that as long as a consistentset of collisionintegraldata are used
for all computations, it is not necessary to evaluate the accuracy of
the collision integral data to judge the relative merits of the mixing
rules (althoughthe choice of A¤ for resonant charge exchange inter-
actions in the Armaly–Sutton2 rule complicates things somewhat).
In all cases the multicomponent Chapman–Enskog method is the
benchmark against which the various mixing rules are compared.

The results for thevariousmethodologiesare shown in Fig. 1. The
multicomponent results and Murphy and Arundell14 and Murphy15

data match very closely along the entire temperature range indicat-
ing that themulticomponentmixtureviscosityfunctionwas properly
implementedin the viscosity test bed code.The curve shows a rising
tendency until about 10,000 K, where the mixture viscosity value
begins to decrease.This is because, althougheach individualbinary
viscosity coef� cient increases with increasing temperature, ionized
species viscosity is an order of magnitude or more less than neutral
species viscosity. Above 10,000 K, the ionized species interactions
begin to dominate the gas mixture, and the mixture viscosity begins
to decrease.

The Gupta et al.1–Yos24 mixing rule matches the multicompo-
nent value quite closely at low temperatures (weakly ionized gas

Fig. 1 Mixture viscosity for equilibrium 11-species air at 100 kPa.

mixture). Above 9000 K when ionized species become signi� cant,
the Gupta et al.–Yos methodoverpredictsthe mixtureviscosity.This
overpredictionis in part because the off-diagonalterms of H , which
accountfor collisionaltransferof momentum betweenspecies,have
beenneglectedin this formulation.At temperaturesabove14,000K,
the Gupta et al.–Yos value is about twice the multicomponent
value.

The value obtained by the Armaly–Sutton2 mixing rule depends
on the values assigned to the A¤, B, and F parameters. When the
A¤ value recommendedin the originalpaper (A¤ D 1:1/ for atom in-
teractionswith their own ion is used, the Armaly–Sutton results are
very close to thoseobtainedusing theGuptaet al.1–Yos24 rule.Using
a more representativevalue of 0.21 for the resonant atom–ion inter-
actions produces a curve much closer to the multicomponentvalue.
The different Armaly–Sutton2 curves shown in Fig. 1 suggest that
the Armaly–Sutton method can be tuned for different gas mixtures,
assuming collision integral data are available. This was suggested
by Armaly and Sutton in their original paper.2 The Armaly–Sutton
results are somewhat less accurate than those of Gupta et al.–Yos
at low temperatures (about 4% lower at 500 K), but in general pro-
vide quite good results over the entire temperature range, with an
accuracy comparable to the full multicomponentmethod and a cost
comparable to results using the Gupta et al.–Yos mixing rule.

Not surprisingly, the least accurate mixture viscosity result is
obtained using Wilke’s mixing rule.3 At 500 K, the Wilke value
is 7% lower than the multicomponent value. Wilke’s mixing rule
is very inaccurate at temperatures above 7500 K (when the � ow
becomes ionized) predicting a mixture viscosity value that is up to
four times less than the multicomponentvalue.

Another set of mixture viscosity calculations were performed at
a reference pressure of 10 kPa. This corresponds roughly to the
postshockpressure of a Mach 20 normal shock wave at 60-km alti-
tude. The results are shown in Fig. 2. The main physical difference
between the two sets of computations is that dissociation and ion-
izationoccur at a lower temperatureat a pressureof 10 kPa than they
would at 100 kPa. Also because the pressure is lower, the electron
number density at a given temperature will be lower at 10 kPa than
it will be at 100 kPa.

The general nature of the curves is the same at 10 kPa as it was
at 100 kPa with one exception. The Armaly–Sutton2 method re-
sult with A¤ D 0:21 for atom–ion interactions does not compare as
closely to the multicomponent result. The separation between the
two curves above 9000 K is larger for p D 10 kPa than it was for
p D 100 kPa. This implies that a single set of Armaly–Sutton co-
ef� cients may not be generally applicable to any thermodynamic
condition.
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Fig. 2 Mixture viscosity for equilibrium 11-species air at 10 kPa.

Fig. 3 Mixture viscosity for an equilibrium hydrogen–helium gas
mixture at 100 kPa.

To examine the behavior of the mixture viscosity methodologies
when applied to a different gas mixture, viscosity coef� cients were
computed for a six species, H2, H, He, HC, HeC, and e, hydrogen–
helium gas mixture at a reference pressure of 100 kPa for tem-
peratures ranging from 200 to 20,000 K. Collision integrals for
the relevant binary interactions were taken from Biolsi.30 The ini-
tial, that is, low-temperature, mole fractions of H2 and He were
0.864and 0.136,respectively.This approximatesthecompositionof
the Jovian atmosphere. The Armaly–Sutton2 coef� cients used were
the same as with air with the exceptions that the value of A¤ for the
H–HC interaction was set to be 0.18 and the value for the He–HeC

interaction was 0.025. These numbers follow the recommendations
given in Ref. 2, which were also based on Biolsi’s collision integral
data.30

The results of these calculations are shown in Fig. 3. At lower
temperatures where the gas mixture consists mostly of neutral
species, the four methods all compute approximately the same vis-
cosity value. Above 7000 K, the results from using Wilke’s mix-
ing rule3 begin to deviate signi� cantly from the other methods.
Above 10,000 K when signi� cant ionization begins to occur, the
Gupta et al.1–Yos24 method tends to overpredict the mixture viscos-

ity. The Armaly–Sutton2 results are closer to the multicomponent
values than the Gupta et al.–Yos data; however, the correlation be-
tween the Armaly–Sutton2 and multicomponent results is not as
good for the hydrogen–helium gas mixture as it was for 11-species
air. This again suggests that the Armaly–Sutton coef� cients may
have to be tailored to the speci� c gas mixture under consideration.

Conclusions
A review of the basic equations for computing the viscosity of

neutral and ionized species was presented.The viscosity of neutral
species is a functionof temperatureonly, and that of ionized species
viscosity is a functionof both temperatureand electronnumberden-
sity. Four commonly used methods for determiningmixture viscos-
ity were discussed.The performanceand accuracyof these methods
were tested for 11-species air and hydrogen–helium gas mixtures at
temperatures ranging from 200 to 20,000 K, and recommendations
for use in various situations are summarized next.

Solving the full multicomponent viscosity equations yields the
most accurate result, but also requires at least twice the computer
time of the other methods. If the multicomponent method is used,
the systemof equationsshouldbe solvedusingGaussianelimination
rather than with Cramer’s rule. If computer time is not an issue and
if adequatecollision integral data exist for the gas mixture, the mul-
ticomponent viscosity method should be used for high-temperature
applications.

Use of the Gupta et al.1–Yos24 mixing rule gives accurate results
until signi� cant ionization occurs in the gas mixture. At low tem-
peratures, it is the approximate method that most closely matches
the multicomponent results. This method requires the least com-
puter time, even less than that used by Wilke’s mixing rule.3 One
disadvantageof the Gupta et al.–Yos method is that it requires rea-
sonably accurate collision integral data for each species pair in the
gas mixture. The Gupta et al.–Yos method appears applicable for
low-to-moderate temperature applications where CPU time is an
issue and where adequate collision integral data exists.

If the A¤, B, and F parameters are properly set, the Armaly–
Sutton2 mixing ruleproducesfairly accurateresultsover a wide tem-
perature range and requires direct knowledge of only pure species
collision integrals.The correlationwith the multicomponentresults
continues even at temperatureswhere ionized species dominate the
gas mixture. The Armaly–Sutton2 method requires about half the
CPU time of solving the full multicomponent equations and about
15% more time than the Gupta et al.1–Yos24 method. The Armaly–
Sutton method appears applicable for high-temperatureionized gas
� ows where CPU time is an issue or for gas mixtures where ade-
quate collisionintegraldata does not exist for all binary interactions.
The Armaly–Sutton method can be tuned through the A¤, B, and
F parameters. A single set of parameters may not be applicable to
every possible thermodynamic state.

Wilke’s mixing rule3 is the least accurate method and requires
about10%moreCPU time thandoestheGuptaet al.1–Yos24 method.
The Wilkemixingrule shouldonly beusedfor low-to-moderatetem-
perature applications where either adequate collision integral data
do not exist or where the Armaly–Sutton2 parameters are unknown.
Wilke’s mixing rule3 should be the method of last resort.
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